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“It has been ascertained by experiment that the varia- 
tions of two coexisting states of the same substance are in 
some cases limited in one direction by a terminal state at 
which the distinction of the coexistent states vanishes. This 
state has been called the critical state.” Gibbs presented 
this definition in his pioneering paper “On the Equilibrium 
of Heterogeneous Substances” in 1876. He then proceeded 
to show that this definition implies certain mathematical 
relationships between thermodynamic properties at the 
critical point. His results have been extensively quoted in 
the past century. 

Gibbs stated the criticaI point criteria with only three 
sets of independent thermodynamic variables. Others have 
transformed his criteria to different variable sets when 
such a step expedited numerical computation, but, to our 
knowledge, no one has examined the general criteria. 

Legendre transforms provide an opportunity to restate 
the Gibbs criteria in a more coherent and more flexible 
form. The development of critical point criteria in Le- 
gendre transform notation is, therefore, the subject of 
this paper. 

CONCLUSIONS AND SIGNIFICANCE 

Extending the stability analysis of Beegle et al. (1974a, 
b), we derive the two necessary and sufficient critical 
point criteria in terms of two partial derivatives of the nt” 
Legendre transform, where n is the number of compo- 
nents present in the system [Equations (2) and (7)]. These 
two single derivatives are then shown to be equivaIent to 
null determinants [Equations (13) through (IS)] when 
lower-order Legendre transforms are employed. With these 
results, it is now possible to select any combination of in- 
dependent variables from the fundamental equation and 
immediately write the necessary and sufficient critical 
point relations. Several examples are shown. 

The derivation was carried out by employing mole 
numbers as variables, as did Gibbs in his work. Neverthe- 
less, most recent authors have used mole fractions in- 
stead. There is, however, no general one-to-one corre- 
spondence between extensive thermodynamic derivatives 
with respect to mole numbers and intensive derivatives 
with respect to mole fractions. The general problem of 
employing intensive critical point criteria is examined, 
and it is shown that a direct substitution is only valid for 
particular Legendre transforms. The proof involves the 

expansion of the total internal energy of a system in terms 
of total entropy, total volume, total moles, and mole num- 
bers of all components but one. 

When applying critical point criteria to real systems, 
Gibbs anticipated, and others have demonstrated, that the 
formulation could involve an indeterminate form where the 
numerator and denominator both approach zero simul- 
taneously. A physical picture is given to describe this 
problem, and a simple modification of the criteria is sug- 
gested to overcome the indeterminancy. 

All derivations are made assuming a classical fluid, thc 
properties of which may be expanded in a Taylor series 
around the critical point. While recent data indicate that 
there are anomalies in many thermodynamic derivatives 
close to the critical point (Levelt Sengers, 1970; Levelt 
Sengers et al., 1976; Griffiths and Wheeler, 1970; Chapela 
and Rowlinson, 1974; Hicks and Young, 1975; Hall and 
Eubank, 1976; Scott, 1972), the results obtained by the 
classical approach are valid when gas-liquid or liquid- 
liquid critical points are to be estimated or correlated with 
data using analytical expressions for the thermodynamic 
functions. 

THEORY 

the limit for the stability for thermodynamic systems and 
employed Legendre transforms in the development. Heide- 
mann (1975) illustrated the fact that such a criterion was 

limited to testing stable systems as they approached the 
limit of stability. 

for a stable n-component system 

Beegle et al* (1974a3 b ,  presented a criterion to define The principal result of Bee@ et al. was to show that 

(1) 
(n) 

Y ( n + l ) ( n t l )  > 0 
C. Reid. and a system reaches the limit of stability, that is, lies on 
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the spinodal curve, when 

(n) 
(2) Y ( n + l ) ( n + i )  = 0 

yen) is the nth order Legendre transform, and y:z;l)(,,+l) is 
the second-order partial derivative with respect to the ex- 
tensive variable x n + l ;  the derivative is obtained at con- 
stant values of &, &, . . . , fn, ~ n + 2 .  t i  is an intensive vari- 
able and is the partial derivative of the zeroth order Le- 
gendre transform, that is, the base function ~ ( 0 )  = f (  xl, xz, 
. . ., xn+2),  with respect to xi. For additional detail, refer 
to Beegle et al. (1974a, b )  , 

Equations (1)  and (2)  are of value in specifying the 
conditions when a single-phase system, initially stable, be- 
comes unstable with the concomitant formation of a new 
phase. A convenient physical picture related to this prob- 
lem is give by Model1 and Reid (1974) and is briefly de- 
scribed so as to provide a base to define a critical state. 

As noted following Equation (2) ,  the condition for a 
thermodynamic state to exist on the spinodal curve is that 

Y ( n + l ) ( n + l )  = 0. We then have a single-phase system 
which is maintained at constant intensive properties 51, 52, 

. . . , f n  by some external means, and, also, the total value 
of the extensive parameter x,, + 2 is constant. 

We illustrate these concepts with a ternary system and 
order the independent variables such that 

(n) 

Y'O' = _ V  = f(xi, X Z ,  . . , xj)  = f(S,Y3 Ni, N2,  N 3 )  

XI = s, xz =_V, ~3 = Ni, ~4 = Nz,  ~5 = N 3  
(3) 

f n )  = ( 3 )  = (0) - y y t l X l  - 52x2 - 53x3 

= c/ = _V - TS + P v  - p l N 1  (4) 
that is, & = T,  f 2  = - P,  53 = p1, etc., and 

(n) (3) 
Y ( n + l > ( n + l t  = 944 = (a2G'/dNZ2)T,P,p1,N3 (5) 

With the ordering of variables as noted above, to test the 
stability of this system we must vary N2 yet maintain T,  
P ,  p i ,  and N 3  constant. To carry out such a test, we sug- 
gest a simple thought experiment wherein we divide our 
system into two hypothetical regions which we call a and 
p. Initially, all intensive properties are identical in both 

from p by a membrane this is 
diathermal, movable, and permeable to components 1 and 
2. The membrane does not allow passage of component 3. 
Focus on subsystem a. We wish to test for the positive 

character of y ( n + l ) ( n + l )  [or y44 in our example] by vary- 
ing the quantity of x n + 1  subject to the constraint that 

and p.  Xow we separate 

(n) (3) 

dXn+l (a) + d x n + l  (8) = 0 

dNz(a) + dNZ(8) = o  

(6)  

or, for the example 

On the spinodal curve (approached from a stable 

phase), tj:z:l,<n+l) = 0 in both (Y and p. This must be 
true, since a and f i  are identical in the original formula- 
tion. To determine the effect of interchanging additional 
xnt l (N2)  for a system on the spinodal curve, we must 

consider the derivative y ( n + l ) ( n + l ) ( n + l ) .  If this derivative 

were positive, and if d x n + l ( a )  > 0, then y ( n + l , ( n + l )  > 0 
in subsystem a. That is, a is stable with respect to the 

transfer. However, with Equation (6) ,  Y ( n + l ) ( n + l ) ( / 3 )  < 
0, and subsystem p has become unstable and must form a 
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(n) 

(n) 

(n) 

new phase. Similar, but opposite, conclusions are reached 
if d ~ ~ + ~ ( a )  < 0. 

Should there be a state on the spinodal that satisfies 
Equation (2)  and, in addition, is a stable state, then, 
clearly 

(7) 
(n) 

Y ( n + l > ( n i l ) ( n + l )  = 0 

Stable states on the spinodal curve, that is, those which 
satisfy Equations (2) and ( 7 ) ,  are termed critical states. 
If the critical state is to be a stable state, then 

( 8 )  
( n )  

y ( n + l ) ( n + l ) ( n + l ) ( n + l )  0 

and if tj:nn:l)(n+l)(n+l)(n+1) is zero, then the lowest even- 
order, nonvanishing derivative of yen) must be positive, 
and all lower-order derivatives must be zero. 

The second critical criterion, Equation (7) ,  also may 
be written 

= o  (9) (-) tl,Ez. ... en, xn +2 

For the ternary system used as an example earlier, Equa- 
tion (2 )  has been given in Equation (5), and Equation 
( 7 )  would be 

or 

Heidemann (1975) has employed Equation (11) to esti- 
mate critical points in ternary liquid-liquid systems. 

An additional simple example would be a pure-compo- 
nent system. If we order variables as in Equation (3) ,  
with n = 1, y(l)  = A, and x1 = S, x z  = v, and x3 = N. 
Equations (2 ) ,  ( 7 ) ,  and (8)  would then be 

Avv = - ( ~ P / ~ _ V ) T , N  0 

Avvv = - (a2P/a_v2)T,N = 0 

AvvvV = - ( a 3 P / a Y 3 )  T,N 0 

THE CRITICAL POINT IN TERMS OF Ci AND Mi 
DETERMINANTS 

The critical point criteria [Equations (2)  and ( 7 ) ]  
have been expressed in terms of the nth order Legendre 
transform as this provides the simplest form, that is, a 
single partial derivative. For computational purposes, it 
is often more convenient to employ lower-order transforms. 
In Beegle et al. (1974b), it was shown that an equivalent 
form to Equation (2)  was that 

Ci = 0 
where 

G = 
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The comparable expression for Equation (7) iso 

Mr = 0 
where 

Cz= 

G11 GIZ . . - . . . G1,n-1 

GZI Gzz . . . . . G2.n-1 

. = 0 (17) 

Gn-1,1 . . . . , . Gn-1,n-l 

4v12 = = 0 (18) 

where GI, = a2G/dN12, etc. 
Equations (17) and (18) are identicaI to the criteria 

given by Gibbs (1878). There are, however, many alter- 
nate but equivalent criteria, depending upon the ordering 
of the independent variables and upon the value of i. As a 
final example, consider a binary of 1 and 2, that is, n = 2. 
If i = 2, Equations (13) to (16) reduce to 

GI1 = Gill = 0 (19) 
where G11 = ( d2G/aN12) T,P,NZ = (3rl/aN1) T,P.Nz 

GIII = ( a 3 _ G / m 3 )  T,P,N~ = (ma2daN12) T , P , N ~  

An equivalent set other than (19) would result if 1 = 1. 
Here y( l )  = _A, the Helmholtz energy [when the ordering 
is as in Equation ( 3 )  1 : 

AvvAvi 
(20) = 1 AlvAll 1 

* Supplementary material has been deposited as Document No. 03102 
with the National Auxiliary Pubicutlons Service (PUAPS), c / o  bhcro- 
fiche Publications, 4 4 0  Park Ave. South, New York, N.Y. 10016 aod 
may be obtained for $3.00 for microfiche or $5.00 for photocopies. 

With Equations ( 13) through (16) it is a simple matter 
to obtain the thermodynamic criteria at the critical point. 
They may be expressed in many equivalent forms, depend- 
ing upon the choice of i and the ordering of variables in 
the fundamental e q u a t i o n l  = f ( S ,  Y ,  N1, . . . Nn). 

PREVIOUS INVESTIGATIONS 

The basis for all critical point studies was laid by Gibbs 
( 1878). By a logical argument similar to the one presented 
here, he derived Equations (17) and (18) and also 
showed, separately, the validity of Equations (13) and 
(15) for the case where i = 0. In  the last 20 yr, several 
excellent books (Callen, 1960; Tisza, 1966) and many 
papers have been published which developed further 
these equations proposed by Gibbs. 

Two fundamental papers appeared in 1962. Boberg and 
White derived Equations (17) and (18) in intensive form, 
that is, with specific Gibbs energy and mole fractions, em- 
ploying an argument that at constant temperature and 
pressure, G must be a minimum function with variations 
in composition. These authors applied their determinants 
to binary and ternary systems to estimate critical and plait 
points for liquid systems. The Redlich and Kister (1948) 
correlation was used to relate the excess Gibbs energy of 
mixing to composition. These same authors suggest, but do 
not develop, the idea that critical point criteria may be 
obtained using coordinate systems other than T, P, and 
composition. 

Redlich and Kister (1962) discussed the prediction of 
a gas-liquid critical locus for binary systems. They chose 
to begin with the two relations 

( a  In $l/azl)T,p + l /zl  = 0 
( a2 In $l/az12) T,P - 1/z12 = 0 

(24) 

( 2 5 )  

where 41 is the fugacity coefficient of component 1 and z1 
represents mole fraction. These equations result from Equa- 
tion (19) whcn p1 is related to +l. To obtain relations more 
convenient to use with equations of state explicit in pres- 
sure, they convert Equations (24) and (25) to derivatives 
of the Helmholtz energy. Although they employ intensive 
properties and mole fractions, their results are equivalent 
to the G and M determinants given in Equations (20) 
and (21 ) .  In using their equations to predict the effect of 
composition on critical temperatures and pressures, they 
first obtain the limits ( a T / d z l )  and (aP/azl) at the end 
points where z1 = 0, 1. Then, by an interpolation method, 
they estimated the mixture T ,  and P, as a function of com- 
position. The Redlich-Kwong (1949) equation of state was 
selected to illustrate the method and obtain numerical val- 
ues. In a subsequent paper, Ackerman and Redlich (1963) 
used a very similar technique with the Benedict-Webb- 
Ruben equation of state. Arai and Saito (1970) modified 
slightly the interpolative scheme of Redlich and Kister 
to estimate critical temperatures arid pressures of binary 
mixtures. In the three papers using the Redlich-Kister 
method, reasonably good predictions were achieved for 
the mixture critical temperature, but often poor results 
were obtained for critical pressures. 

As computers became more efficient and more available, 
others have employed the same equations [ (22) and (23) ,  
but in the intensive form] to estimate gas-liquid critical 
points for binary systems (Joffe and Zudkevitch, 1967; 
Hissong and Kay, 1970; Sarashina et al., 1974; Huron, 
1976; Pak and Kay, 1972). In these studies, the B-W-R 
or some variation of the Redlich-Kwong equation of state 
was employed to relate pressure to the volume, tempera- 
ture, and composition at the critical point. The Gibbs 
criteria [Equation (19 ) ]  or the Helmholtz criteria [Equa- 
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tions (22) and ( 2 3 ) ]  were introduced without proof and 
in the intensive form. Results varied; for hydrocarbon 
binaries, the mixture critical temperature was usually esti- 
mated to 2 2 ° C  and the mixture critical pressure to within 
1 bar. These results, however, were obtained only by me- 
ploying interaction parameters which were optimized from 
experimental data (Pak and Kay, 1972). Also, computation 
techniques varied among invzstigators. 

Spear et al. (1969, 1971) investigated the gas-liquid 
critical locus for both binary and ternary systems using the 
Helmholtz determinants in intensive form. The Redlich- 
Kwong equation of state was assumed. Peng and Robinson 
(1977) used their equation of state (Peng and Robinson, 
1976) to calculate critical properties of multicomponent 
hydrocarbon (and related) mixtures. Interaction parame- 
ters were required only for hydrocarbon-nonhydrocarbon 
binaries. Their results appear to be more accurate than 
shown in any previous study. 

In all the papers published to date that deal with gas- 
liquid critical loci, all but one [ Boberg and White ( 1962) ] 
assume the criteria as stated by Gibbs (1878), but with 
intensive Gibbs energies and mole fractions rather than 
extensive Gibbs energies and moles. As noted later, this 
interchange is correct. Each study has noted the advan- 
tages in converting the Gibbs determinants to equivalent 
expressions in the Helmholtz energy. This transformation 
is not readily accomplished by normal thermodynamic 
means, although the Legendre transform theory introduced 
earlier in this paper and in Beegle et al. (1974u, b )  pro- 
vides a convenient and rigorous way to move from one co- 
ordinate system to another, The different papers discussed 
above assume various equations of state explicit for pres- 
sure, and each suggests efficient computational algorithms. 
The results vary. Since binary mixture critical temperatures 
are, normally, almost linear in composition, invariably good 
results are reported between calculated and experimental 
values. For mixture critical pressures, which are often quite 
nonlinear in composition, no one equation of state was 
uniformly successful unless mixture interactions were ob- 
tained by regression of experimental critical data. Clearly, 
the choice of an appropriate equation of state that well 
fits both P-V-T-y data (and derivatives) near the critical 
point is most difficult. 

The use of stability and critical point criteria to estimate 
liquid-liquid critical and plait points has received far less 
study. Boberg and White (1962) discuss the problems 
briefly, Scott ( 1949) examined the thermodynamics of 
high polymer solutions, and Scott and Von Konynenburg 
1970) use the van der Waals equation to study the proper- 
ties of solutions. Heidemann ( 1975) introduces Legendre 
transforms to investigate the plait point for ternary systems, 

that is, with y44 and y444 = 0 [see Equations (2)  and 
(7)  1. A simple Gibbs excess energy function was assumed 
to develop the concepts. Problems in actually converging 
on the true plait point are discussed in Heidemann's paper 
and in articles by Heidemann and Mandhane (1973, 1975). 
In the latter, the NRTL and van Laar equations were em- 
ployed to estimate Gibbs excess energies of mixing. 

Teja and Rowlinson (1973) and Teja and Kropholler 
( 1975) have predicted gas-liquid binary and ternary criti- 
cal loci in a slightly different manner. Starting with Equa- 
tions (22) and (23) in intensive form, they use an extended 
form of the corresponding states principle with a reference 
substance whose P-V-T properties are well known. One 
interaction parameter per binary is required. For simple 
systems, their approach does not differ greatly from those 
described above. However, they have also used this scheme 
for systems where the T ,  - P ,  locus is interrupted by two 
liquid phases or where azeotropes persist into the critical 

(3)  ( 3 )  

region (in particular, carbon dioxide-alkane systems) . 
Hicks and Young (1976) have extended this approach. 

COMMENTS ON THE USE OF MOLE FRACTIONS IN THE 
Gi AND M i  DETERMINANTS 

Throughout the paper and in the previous work by 
Beegle et al. (1974u, b ) ,  the independent set of variables 
for the internal energy U was total entropy S ,  total volume 
y, and all mole numbers N1, . . . N,. This set of indepen- 
dent variables delineated the appropriate variables which 
had to be maintained constant in any derivative of _V 
[y'O)] or other Legendre transform Y(~)'. For example, in a 
ternary, with the variables ordered as in Equation (3) ,  the 
Legendre transform was defined in Equation (4) ,  and 

(26) 
(3)  - 

G3 = 944 - ( aZG'/aNZ2) T,P,wi.N3 

(27) 
etc. 

Suppose, however, that Equation (26) had been written* 

as 

where N = 8 N j .  With the same approach as used earlier, 

we would have reached the conclusion that Gi = Mi = 0 
at the critical point. But, the definitions of Gi and Mi are 
slightly modified. For example, Equation (26) now be- 
comes 

G 3  = y44 = ( a 2 C + / a N 2 2 ) T , P , v i . N  

- u = fcS, _V, Ni, NZ, N )  (28) 

j 

(29) 

(30) 

(3) 

where 
- Gf = _V - TS_ + PV_ - 7 1 N l  

71 = ( a Y / a N l ) S , V , N 2 , N  -- = ( a G / a N l ) T , P , N g , N  (31) 

Note the difference between T ) ~  and the chemical potential 
p1:li0 

$"I = ( a Q / a N 1 ) 2 , ! . N z , N 3  = ( a w N 1 )  T,P,Nz,N3 ( 32) 

Equation (29) could also be written as 

with 
G 3  = (1/N) ( a 2 G + / a Z ~ 2 ) ~ , ~ , v 1 . ~  (33) 

Gf = G + / N  

Thus, with N held constant, it is a simple matter to con- 
vert this derivative to one employing mole fractions. 

A more useful example of this method results when G2 

is determined using the ordering in Equation (28) : 

(34) 

where the Legendre transform ,G (Gibbs energy) is the 
same in Equations (27) and (34) .  It is obvious that Equa- 
tion (34) can be written as 

a Munster (1970) also suggests this type of ordering. 
O*It may be shown that for i #L, r/i = fii - m. - 

AlChE Journal (Vol. 23, No. 5) September, 1977 Page 729 



where, in each derivative, 23 varies to maintain the re- 
quirement that Sdzj = 0. 

The Gi and Mi determinants may always be converted 
to a mole fraction form [for example, Equation (33) or 
Equation (35)], but only if the Legendre transform is 
4, H, or _G does one avoid introducing modified chemical 
potentials ql. If 4, fi, or _G are used, the expansion shown 
in Equation (28) may be employed. As shown in Beegle 
et al. (1974a, b ) ,  the last variable in the ordering ( N  in 
this case) is always a constraint in every derivative used in 
stability theory, With such a constraint, for any extensive 
variable, it is easy to convert to an intensive form; that is, 
if ,B were an extensive variable, then, with N constant, d B  
= N d B ,  d2B = NdzB,  etc. 

Finally, it is obvious that if one should wish to employ 
mole fractions as working variables to specify stability and 
critical point criteria, one should order variables as in 
Equation (28), although 5 and _V may be interchanged 
and the particular mole number eliminated is not impor- 
tant. 

To conclude, we summarize the convenient stability and 
critical point criteria for an n-component system when 
mole fractions are used. In all derivatives involving mole 
fractions, x, is not constant: 

j 

,V = f ( S ,  Y2 N1, . . Nn-1, N )  

(ordering of Ni is arbitrary) 

with T also constant. 
M1 = G1 with the entry in the bottom of the first column 
replaced by (aLl/dv)zl,..zn-l and each entry in the other 
n - 1 columns replaced by (a6l/azj)v ,,l,...~-ll,aj+l...en-l, 
where 1 L j 6 n - 1. In a similar manner, Lo and No 
may be written. 

lNDETERMlNANC7 

A stable thermodynamic system containing n compo- 
nents is defined as one where 

~‘,~-l) > 0 1 k L n  + 1 (38) 

but, as shown in Beegle et al. (1974b) and in the discus- 
sion following Heidemann (1975), when the unstable re- 
gion is approached, the first of these derivatives to become 
zero occurs k = n + 1. This leads to the stability criterion 
given by Equation ( 2 ) .  In a graph of [n + 1 VS. Xn + 1 at con- 
stant El . . . .$,, xnt2, such a criterion allows one to con- 
struct the spinodal curve to separate stable from unstable 
conditions. Within the spinodal curve, on the unstable side, 
lie other envelopes which satisfy the criteria 

y(k-1)  kk = 0 1 & k 6 n (39) 

Heidemann (1975) shows the yi i )  curves within the yk34) 
spinodal curve for a ternary system at constant T and P .  
Teja and Kropholler (1975) show the yky curve within the 
9;;) curve for a binary system. 

As long as all yjCk,-l) curves ( k  6 n )  fall within the 

y(n + I)(,+ 1) curve, numerical computations are straightfor- 

ward. Should, however, ynn become tangent to the 

( n )  

(n-1) 

spinodal curve at the critical (or any other point), then 

both become zero. This can most readily be seen from 

the relation between y,, and y ( n + l ) ( n + l )  as given by 
the step-down operation of Beegle et al. ( 1 9 7 4 ~ )  : 

( T ,  P,  N are constant in each derivative) 

Mz is the determinant constructed from Cz by replacing the an indeterminancy results where y ( , + l ) ( n + l )  ( n )  and ynn (n-1) 
bottom row by (dGz/aZj)zi ... zj--l.zj+i,. .zn-i, where I is the 
ith column, and Gz and Mz are ( n  - 1) by ( n  - 1) deter- 
minants. If G1 were desired, with the ordering as shown, 
then 

(n-1) (n) 

1 
& = O = -  

N (37) 
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(n)  (n-1) 
For  both y ( n + l ) ( n + l )  and ynn 
spinodal curve 

to  become zero on the 

(41) 
(n-1) 

fim C ~ ( n ) t n + i ) l  = 0 
(n) 

?J(IL+l) (n+l) -f 0 

Modell (1977) has suggested that when such problems 
occur, it  is convenient to  modify the stability criterion as 

(TL--2) 
The only time this technique will fail is when yc n-l)(n-1) 
and even lower-order terms also become zero simultane- 
ously. Modell (1977)  then recommends that the product 
form of Equation (42)  be  enlarged until the  indetermin- 
ancy is removed; that is 

IT ~ ( j + ~ ) ( j + l )  = 0 for i = n - 1, n - 2, . . . 1 (J 1 
i 

j = n  

(43)  

There will always be one of these product terms which is 
not indeterminate since, if i = 1, then the product is sim- 
ply given by D n + l ,  that is, the ( n  + 1) - ( n  + 1) de- 
terminant where the rows and columns are  second-order 
derivatives of _V [see Equation ( 9 ) ,  Beegle et al., 1974271. 

= 0 become tangent a t  the 
critical point, then t o  remove the  indeterminancy in 

y(,+ 1 I(,+ I)(, + 1 ), multiply by Cy(,- 1 )(n-1)13. This results 
again from a step-down operation for third derivatives. 

These techniques were, in fact, employed by Teja and 
Kropholler (1975) to obtain valid numerical values for 
critical points in the carbon dioxide-ethane system. 

(n-1) Should the locus of y,, 

(n)  (n-1) 
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NOTATION 

4 
Dk 
- G 

= total Helmholtz energy, A, molar Helmholtz en- 

= a k by k determinant in Uij, i, j = 1, . . . k 
= total Gibbs energy; G, molar Gibbs energy 
= Legendre transform in the ( T ,  P, PI, Nz, . . . N n )  

= Legendre transform in the (T, P, 71, N 2 ,  . . . N )  

= total enthalpy; H ,  molar enthalpy 
= determinant defined in Equation (14) 
= determinant defined in Equation (16) 

= moles of i; N ,  total moles 

= total entropy; S, molar entropy 

= total internal energy; U, molar internal energy 
= total volume;V, molar volume 

ergy 

’ system 

system 
c+ 
- H 
Gi 
Mi 
n = number of components 
N j  
P = pressure 
- S 
T = temperature 
- U 
V _  
xi = independent, extensive, variable 
y(*) = ith Legendre transform 
zj 

Greek Letters 

vj 

= mole fraction of component i 

= modified chemical potential of component f de- 
fined in Equation (31) 
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pi 
& 

di 

= chemical potential of component j 
= conjugate coordinate, intensive, variable to xi, 

= fugacity coefficient of component i 
ti = ( d y “ ’ / d ~ i )  z[il = ( 8g‘k’/dxi) i > k 
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Multivariable Computer Control of a Butane 
Reactor: H yd rogenolysis 

Part 1. State Space Reactor Modeling 

A state space model is developed for an existing nonadiabatic packed-bed 
reactor which experiences axial and radial concentration and temperature 
gradients resulting from highly exothermic reactions involving several chem- 
ical species. The set of partial differential equations is reduced from three to 
two dimensions using orthogonal collocation. Further use of orthogonal 
collocation on the quasi steady state version of the differential equations re- 
sults in a set of coupled algebraic and differential equations from which a 
linearized low-order state space model is obtained. The model parameters 
are estimated from reactor data, and the fitted model is used for design and 
imnlementation of a multivariahle stochastic control scheme? on the reactor. 
These applications are described in parts I1 and I11 of this paper. 

SCOPE 

The catalytic chemical reactor represents one of the 
more complicated processes to model in chemical engineer- 
ing. Becauce of this, it is essential when deriving a process 
model to keep in mind the purpose for which the model 
is to be used. If, for example, the model is to be used as 
the basis for on-line regulatory control of the reactor, large 
simplifications to most of the models propozed in the litera- 
ture must be made. Although most of the models tend to 
be somewhat complex and, in general, unsuitable for con- 
trol, by examining the formulation of these models some 
insight into the important effects occurring within a re- 
actor may be gained, and ideas for simplifying the models 
for the purnoqes of control mav be foiind. 

Beek (1962) and Froment (1967, 1972) present great in- 
sight into the factors surrounding a comnlex model of a 
packed-bed reactor including estimation of transport prop- 
erties and heat transfer effects. More recently, Froment 
(1974) reviews the current findings in the literature and 
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comments on a number of still unanswered questions in 
the modeling of chemical reactors. Extemions to Beek‘s 
work are provided by Hlavcek (1970), particularly in the 
x e a  of oerameter estimation problems. Parametric sensitiv- 
ity in fixed-bed reactors is discussed by Carberry and White 
(1969). Most of these studies address the problems appear- 
ing in single reaction systems of specific order under steady 
state conditions. 

There are only a limited number of studies concerned 
with transient effects in packed tubular reactors. Most of 
these except Young and Finlayson (1973) appear to neglect 
radial gradients. Inclusion of both axial and radial gradi- 
ents gives rise to a set of three-dimensional partial dif- 
ferential equations which presents a very difficult computa- 
tional nroblem. Sinai and Fosq (1970) consider an adiabatic 
reactor in which a non-catalyzed reaction occurs in the 
liquid phase of a solid liquid system. Crider and Foss 
(1966) attempt to isolate the important factors affecting 
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